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Interference and diffraction of two-identical-particles are considered in the context of open quan-
tum systems. This theoretical study is carried out within two approaches, the effective time-
dependent Hamiltonian due to Caldirola-Kanai (CK) and the Caldeira-Leggett (CL) one where
a master equation for the reduced density matrix is used under the presence of dissipation and
temperature of the environment. Two simple but very illustrative examples are considered, diffrac-
tion by a single and two Gaussian slits by analyzing the mean square separation between particles,
single-particle probability density and the simultaneous detection probability or diffraction patterns.
Concerning the single Gaussian slit case, in the CK approach, the mean square separation drasti-
cally reduces with friction, reaching a constant value due to the localization effect of friction. On
the contrary, in the CL approach, temperature has an opposite effect to friction and this quantity
increases. Furthermore, there is a time-interval for which the joint detection probability is greater
for fermions than for bosons. As has already been reported for non-dissipative systems, fermion
bunching and boson anti-bunching are also observed. Decoherence process, loss of being indistin-
guishable, is settled gradually with time by increasing friction and temperature. In the two Gaussian
slits problem within the CK approach, the single-particle probability density behaves almost sim-
ilarly for all kinds of particle-pairs displaying small overlapping between one-particle states. The
differences among the three statistics decrease when dissipation increases. However, in the opposite
limit, fermions behave completely different from bosons which themselves behave like distinguishable
particles. This last behaviour is also seen when the interference pattern is considered by computing
detection probability of both particles with two detectors, one fixed and the second mobile.
Keywords: Identical particles, Dissipation, Caldirola-Kanai model, Caldeira-Leggett master equation, Diffraction,
Interference, Joint detection probability, Mean square separation
I. INTRODUCTION
In classical physics, identical particles are seen as mutually distinguishable; that is, any permutation bringing about
an interchange of particles in two different one-particle states is recognized to lead to a new, physically distinct state.
Many times, we speak about Boltzmannian particles obeying the Maxwell-Boltzmann (MB) statistics. In quantum
theory, things are completely different since identical particles are not distinguishable. For such indistinguishable
particles, a factorization of the total wave function is not appropriate because an interchange of any two particles
leads to a wave function which has to be insensitive to such a permutation operation. Now, depending on the nature
of identical particles, fermions and bosons, the total wave function is anti-symmetric and symmetric, respectively.
As is well known, fermions follow the Fermi-Dirac (FD) statistics and bosons the Bose-Einstein (BE) statistics [1].
Furthermore, due to this symmetry, spatial correlations exist even if the particles are supposedly noninteracting.
This type of correlation is manifested through the so-called statistical inter-particle potential which depends on the
temperature through the thermal de Broglie wavelength [2]. For fermions and bosons, this potential is repulsive and
attractive, respectively. There is also an intimate connections between these statistics and the intrinsic spin of those
particles but we are not going to consider it here.
Interferometry and diffraction of matter waves is a very active field of research being a very valuable tool in
examining the validity of quantum mechanics. Observed optical-like effects are determined by the interaction between
the corresponding particles and measuring devices. One of the paradigmatic examples is the so-called Talbot effect,
that is, a near-field interference effect [3] due to the presence of two or more slits, or in general, any grating. In analogy
to the so-called carpets reported in optics, quantum carpets [4] are observed in the Fresnel region when gratings are
illuminated by particle beams. These carpets are distorted due to the specific particle-grating interaction (what has
been termed the Talbot-Beeby effect [3]). When small clusters or big molecules are used, diffraction patterns in the
far field or Fraunhofer region are governed mainly by van der Waals interactions and strong reduction of the fringe
visibility is observed [5]. A way to reduce as much as possible such distortions is thanks to the well-known effect of
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2quantum reflection [6–8]. On the other hand, the effect of two-particle in this kind of studies has been extensively
studied after the pioneer work by Hong et al. [9]; in particular, two photons. Identical massive particles’ interference
has been analyzed quite recently in several papers [10–13]. It has been argued that when one of the one-particle
states has a zero, bunching and anti-bunching can occur for fermions and bosons, respectively. [13] This unexpected
effect can be seen by measuring detection probability of a couple of identical particles by two adjacent detectors:
bosons (fermions) interfere locally destructively (constructively) and therefore anti-bunch (bunch). Furthermore, it
has been shown that in the case of measurements by a single extended detector, there is no difference between the
detection probabilities for different statistics meaning again bosons do not bunch and fermions do not anti-bunch
[13]. Concerning the role of quantum statistics in multi-particle decay dynamics, by studying the releasing of a pair
of particles from a quantum trap, it has been concluded that the naive picture, in which identical bosons attract one
another while identical fermions repel each other, does not work in predicting even the qualitative behavior of the
pair [14].
On the other hand, very few studies have been devoted to analyze the effect of friction and temperature on
the resulting interference and/or diffraction patterns. The main purpose of this kind of studies is to see how the
decoherence process affects this open dynamics and, in this context, how robust is the symmetry properties of the
wave function for indistinguishable particles. Within the Caldirola-Kanai (CK) approach, where it takes into account
friction without including environmental fluctuations, it has been shown in the two-slit problem for distinguishable
particles how the friction leads to localization by using Bohmian trajectories [15]. This analysis is carried out in an
analytical way for Gaussian slits because this approach keeps the linearity of the problem. Within the same context,
entanglement indicators corresponding to pure states by using the nonlinear Schro¨dinger-Langevin wave equation [16–
20] have been analyzed [21]. An alternative way of dealing with the same issue and keeping the linearity is by means of
the Caldeira-Leggett (CL) approach where a master equation for the reduced density in the coordinate representation
and at high-temperatures is used [22, 23]. Two simple but very illustrative examples, taking the one-particle states
with considerable overlap, are considered, diffraction by a single and two Gaussian slits by analyzing the mean square
separation between distinguishable particles, bosons and fermions as well as the simultaneous detection probability
or diffraction patterns. In the CK approach, the mean square separation drastically reduces with friction, reaching
ultimately a constant value. On the contrary, in the CL approach, temperature has an opposite effect to friction
and this quantity increases. Furthermore, there is a time-interval for which the joint detection probability measured
by an extended detector is greater for fermions than for bosons. As has already been reported for non-dissipative
systems, fermion bunching and boson anti-bunching are also observed here for open two-particle systems. On the
contrary, in the two Gaussian slit problem within the CK approach, the interference pattern behave similarly for
bosons and distinguishable particles whereas for fermions display a different behavior, reflecting the symmetry of the
corresponding wave functions. Recently, both approaches have been used for studying dissipative quantum backflow
for distinguishable particles [24].
In this work, our aim is to explore dissipative and thermal effects in the diffraction of indistinguishable particles
(bosons and fermions) by one and two Gaussian slits. Due to the above-mentioned symmetry properties, three
important quantities are going to be evaluated, the mean square separation (MSS) between particles, single-particle
probability density and the simultaneous detection probability as analyzed in Refs. [12] and [13]. The decoherence
process is ultimately studied taken into account the mutual roles of friction and overlapping integral of one-particle
states at a given time. For this goal, this manuscript is organized as follows. In Section II, the two-particle CK
equation from the corresponding one-particle equation is proposed. Section III is devoted to the evolution of the
pure two-identical-particle state under the corresponding CL master equation. Section IV A deals with diffraction of
two-identical-particle state by a single Gaussian slit in both the CK and CL approaches. In section IV B, two-particle
two-slit experiment will be studied within the CK approach. Analytical and numerical results and discussion will be
presented at the same time in the previous sections. In the last section, some concluding remarks are briefly listed.
Finally, in an appendix, dissipative identical-particle systems are shown not to be properly described in the framework
of the Schro¨dinger-Langevin nonlinear wave equation because symmetry properties are no longer kept.
II. THE CALDIROLA-KANAI EQUATION FOR TWO NON-INTERACTING PARTICLES
The dissipative dynamics of two non-interacting particles with the same mass m in the CK framework can be
written as
ih¯
∂
∂t
Ψ(x1, x2; t) =
[
− e−2γt h¯
2
2m
(
∂2
∂x21
+
∂2
∂x22
)
+ e2γt(V (x1) + V (x2))
]
Ψ(x1, x2; t) (1)
where for identical particles the wave function Ψ(x1, x2; t) must have a given symmetry; it must be symmetric (anti-
symmetric) under the exchange of identical bosons (fermions) obeying respectively the BE and FD statistics [1].
3Here γ = η/2m is the relaxation constant [22] defined versus the damping constant η. If the initial wave function is
expressed as
Ψ±(x1, x2, 0) = N±(ψ0(x1)φ0(x2)± φ0(x1)ψ0(x2)) (2)
where ψ and φ are one-particle states and sub-indices + and − stand respectively for bosons and fermions, then due
to the linearity of the wave equation (1), the symmetric and anti-symmetric solutions can be written as
Ψ±(x1, x2, t) = N±(ψ(x1, t)φ(x2, t)± φ(x1, t)ψ(x2, t)) (3)
at later times, where ψ(x, t) and φ(x, t) fulfill the corresponding one-particle CK wave equation. Apart from a phase
factor, the normalization constants N± are given by
N± =
1√
2(1± |〈ψ0|φ0〉|2)
(4)
where we have assumed that the one-particle wave functions ψ and φ are normalized to unity as well as used the fact
that the interference term 〈ψ(t)|φ(t)〉 is independent on time. This can be easily deduced from the one-particle CK
wave equation and square-integrability of the one-particle wave functions,
d
dt
〈ψ(t)|φ(t)〉 =
∫ ∞
−∞
dx
∂
∂t
[ψ∗(x, t)φ(x, t)] = e−2γt
ih¯
2m
∫ ∞
−∞
dx
{
−∂
2ψ∗
∂x2
φ+ ψ∗
∂2φ
∂x2
}
= 0. (5)
In the following we are going to provide expressions for two important quantities in this context, namely, the mean
square separation (MSS) between particles and simultaneous detection probability (i) by a single non-ideal detector
located at the origin and (ii) by two detectors located symmetrically around the origin. The widths of all detectors
are the same, 2d. This means we provide an expression for the probability of finding both particles simultaneously
in the range [−d, d] around the origin in the first case; and the same quantity for finding particles in two distinct
regions of the same width 2d located symmetrically around the origin in the second case. Finally, by tracing out over
the coordinate of one of the particles, some expressions for single-particle probability density and its corresponding
probability current density fulfilling a continuity equation are analyzed.
A. Mean square separation between particles
One of the fundamental quantities in this context is the expectation value of square distance between particles,
〈Ψ|(xˆ1 − xˆ2)2|Ψ〉, for different statistics, which reads as
〈(xˆ1 − xˆ2)2〉± = 〈Ψ±|(xˆ1 − xˆ2)2|Ψ±〉 = 2|N±|2
(
〈x2〉ψ + 〈x2〉φ − 2〈x〉ψ〈x〉φ ∓ 2|〈x〉ψφ|2 ± 2Re{〈x2〉ψφ〈φ|ψ〉}
)
≡ 2|N±|2
(
〈(xˆ1 − xˆ2)2〉MB ∓ 2|〈x〉ψφ|2 ± 2Re{〈x2〉ψφ〈φ|ψ〉}
)
(6)
where, 〈(xˆ1 − xˆ2)2〉MB ≡ 〈ψφ|(xˆ1 − xˆ2)2|ψφ〉 stands for the expectation value of the square separation between the
two distinguishable particles obeying the MB statistics; analogously, 〈· · ·〉ψ ≡ 〈ψ| · · · |ψ〉 and 〈· · ·〉ψφ ≡ 〈ψ| · · · |φ〉.
B. Simultaneous detection probability
Consider now a single detector located at the origin with a width 2d. Then, the ratio of simultaneous detection
probability of indistinguishable particles to the distinguishable ones is given by [13]
p±(t) =
pBE
FD
(t)
pMB(t)
=
∫ d
−d dx1
∫ d
−d dx2|Ψ±(x1, x2, t)|2∫ d
−d dx1
∫ d
−d dx2
1
2 (|ψ(x1, t)|2|φ(x2, t)|2 + |ψ(x2, t)|2|φ(x1, t)|2)
(7)
= 2N2±
1±
∣∣∣∫ d−d dx ψ∗(x, t)φ(x, t)∣∣∣2∫ d
−d dx|ψ(x, t)|2
∫ d
−d dx|φ(x, t)|2
 (8)
4where, in the second line, Eq. (3) has been used. Note that for distinguishable particles obeying the MB statistics,
the corresponding probability density is expressed as
pMB(t) = |ΨMB(x1, x2, t)|2 = 1
2
(|ψ(x1, t)|2|φ(x2, t)|2 + |φ(x1, t)|2|ψ(x2, t)|2) (9)
Just for completeness, we mention that if instead of a single detector, one considers two detectors with the same
width 2d located symmetrically around the origin at positions D and −D respectively, then the relative simultaneous
detection probability for finding a particle by the first detector and a particle by the second detector is given by
p′±(t) =
p′BE
FD
(t)
p′MB(t)
=
∫D+d
D−d dx1
∫ −D+d
−D−d dx2|Ψ±(x1, x2, t)|2∫D+d
D−d dx1
∫ −D+d
−D−d dx2
1
2 (|ψ(x1, t)|2|φ(x2, t)|2 + |ψ(x2, t)|2|φ(x1, t)|2)
(10)
= 2N2±
1± 2 Re
{∫D+d
D−d dx1 ψ
∗(x1, t)φ(x1, t)
∫ −D+d
−D−d dx2 φ
∗(x2, t)ψ(x2, t)
}
∫D+d
D−d dx1|ψ(x1, t)|2
∫ −D+d
−D−d dx2|φ(x2, t)|2 +
∫D+d
D−d dx1|φ(x1, t)|2
∫ −D+d
−D−d dx2|ψ(x2, t)|2
 (11)
where we have preferred to use p′±(t) to distinguish it from the previous case where one detector is only considered.
Note that for D = 0 this result reduces to the former result given by Eq. (8). When the widths of detectors are
negligible in comparation to their distance, d D, which corresponds to two point detectors, then Eq. (11) reduces
to
p′±(t) = 2N
2
±
[
1± 2Re
{(
ψ(D, t) φ(−D, t)
ψ(−D, t) φ(D, t) +
ψ∗(−D, t) φ∗(D, t)
ψ∗(D, t) φ∗(−D, t)
)−1}]
(12)
In the following, numerical results for the two detector scheme are provided.
C. The continuity equation for reduced (single-particle) densities
From the two-particle CK equation (1), one can easily obtain the continuity equation written as
∂
∂t
|Ψ|2 + h¯
m
e−2γt
∑
k
∂
∂xk
Im
{
Ψ∗
∂Ψ
∂xk
}
= 0. (13)
By integrating this equation over x2, we have that
∂
∂t
∫
dx2 |Ψ(x, x2, t)|2 + h¯
m
e−2γt
∂
∂x
∫
dx2 Im
{
Ψ∗(x, x2, t)
∂Ψ(x, x2, t)
∂x
}
= 0 (14)
which from Eq. (3), the continuity equation for the reduced density can be written as
∂ρsp(x, t)
∂t
+
∂jsp(x, t)
∂x
= 0 (15)
with 
ρsp(x, t) = |N±|2(|ψ(x, t)|2 + |φ(x, t)|2 ± 2Re[〈ψ|φ〉φ∗(x, t)ψ(x, t)]) (16a)
jsp(x, t) = |N±|2 h¯
m
e−2γtIm
{
ψ∗
∂ψ
∂x
+ φ∗
∂φ
∂x
± 〈φ|ψ〉ψ∗ ∂φ
∂x
± 〈ψ|φ〉φ∗ ∂ψ
∂x
}
(16b)
being the single-particle (sp) probability density and probability current density, respectively. Interference effects are
noticeable in both expressions.
III. THE CALDEIRA-LEGGETT EQUATION FOR TWO NON-INTERACTING PARTICLES
So far we have only taken into account dissipative aspects of the environment through the well-known CK for-
malism. Thermal fluctuations due to the environment can also be considered following the CL formalism [22, 23].
5In this framework, the master equation describing the evolution of the reduced density matrix ρ in the coordinate
representation and at high-temperatures reads
∂ρ
∂t
=
[
− h¯
2mi
(
∂2
∂x2
− ∂
2
∂x′2
)
− γ(x− x′)
(
∂
∂x
− ∂
∂x′
)
+
V (x)− V (x′)
ih¯
− D
h¯2
(x− x′)2
]
ρ(x, x′, t) (17)
≡ L(x, x′)ρ(x, x′, t) (18)
withD = 2mγkBT being the diffusion coefficient; kB is the Boltzman factor and T the temperature of the environment.
If ρ1(x, x
′, t) and ρ2(x, x′, t) are two one-particle states, due to the linearity of the operator L(x, x′) appearing in the
one-particle CL equation (17), the corresponding master equation is then written as
∂
∂t
[ρ1(x1, x
′
1, t)ρ2(x2, x
′
2, t)] = [L(x1, x′1) + L(x2, x′2)][ρ1(x1, x′1, t)ρ2(x2, x′2, t)] (19)
for the evolution of the product state ρ1(x1, x
′
1, t)ρ2(x2, x
′
2, t).
Consider now a system of two identical particles described by the initial density matrix
ρ±(x1, x′1;x2, x
′
2, 0) = 〈x1, x2|Ψ±(0)〉〈Ψ±(0)|x′1, x′2〉 (20)
= N2±[ψ0(x1)φ0(x2)± φ0(x1)ψ0(x2)][ψ∗0(x′1)φ∗0(x′2)± φ∗0(x′1)ψ∗0(x′2)]
≡ N2±[ρaa(x1, x′1, 0)ρbb(x2, x′2, 0)± ρab(x1, x′1, 0)ρba(x2, x′2, 0)
± ρba(x1, x′1, 0)ρab(x2, x′2, 0) + ρbb(x1, x′1, 0)ρaa(x2, x′2, 0)] (21)
corresponding to the pure state given by Eq. (2). In the third line we have used the notation
ρaa(x, x
′, 0) = ψ0(x)ψ∗0(x
′) (22a)
ρab(x, x
′, 0) = ψ0(x)φ∗0(x
′) (22b)
ρba(x, x
′, 0) = φ0(x)ψ∗0(x
′) (22c)
ρbb(x, x
′, 0) = φ0(x)φ∗0(x
′). (22d)
Each term of Eq. (21) corresponds to a product state evolving in time according to Eq. (19). As a consequence,
the evolution of each one-particle state like ρab(x, x
′, 0) is given by the one-particle CL equation (17). For Gaussian
one-particle states, this equation can be solved by doing a coordinates transformation (x, x′)→ (r,R), with r = x−x′
and R = (x+x′)/2, taking a partial Fourier transform with respect to the coordinate R, solving the resulting equation
and finally taking the inverse Fourier transform to obtain the density matrix in the coordinate representation [25].
Following this procedure, quantum dissipative backflow for the superposition of two Gaussian wave packets has been
studied in the CL framework [24].
Note that for distinguishable particles obeying the MB statistics, the density matrix in the configuration space is
given by
ρMB(x1, x
′
1;x2, x
′
2, t) =
1
2
[ρaa(x1, x
′
1, t)ρbb(x2, x
′
2, t) + ρbb(x1, x
′
1, t)ρaa(x2, x
′
2, t)] (23)
where ρaa(x1, x
′
1, t) is the time evolution of the state ρaa(x1, x
′
1, 0) under Eq. (17).
Since our aim is the computation of detection probability and mean square separation, diagonal elements of one-
particle density matrices are only needed.
A. Mean square separation between particles
As before, for the MSS we have
〈(xˆ1 − xˆ2)2〉± = Tr[(xˆ1 − xˆ2)2ρˆ±(t)] =
∫ ∞
−∞
dx1
∫ ∞
−∞
dx2 〈x1, x2|(xˆ1 − xˆ2)2ρˆ±(t)|x1, x2〉 (24)
= 2|N±|2
(
〈(xˆ1 − xˆ2)2〉MB ∓ 2|〈x〉ab|2 ± 2Re
{
〈x2〉ab
∫ ∞
−∞
dx ρba(x, x, t)
})
(25)
where 
〈(xˆ1 − xˆ2)2〉MB = 〈x2〉aa + 〈x2〉bb − 2〈x〉aa〈x〉bb (26a)
〈· · ·〉ab =
∫ ∞
−∞
dx (· · · ) ρab(x, x, t) (26b)
6B. Simultaneous detection probability
Again, the ratio of simultaneous detection probability of indistinguishable particles to the distinguishable ones is
computed in the CL framework to give
p±(t) =
pBE
FD
(t)
pMB(t)
=
∫ d
−d dx1
∫ d
−d dx2 ρ±(x1, x1;x2, x2, t)∫ d
−d dx1
∫ d
−d dx2 ρMB(x1, x1;x2, x2, t)
(27)
= 2N2±
1±
∣∣∣∫ d−d dx ρab(x, x, t)∣∣∣2∫ d
−d dx ρaa(x, x, t)
∫ d
−d dx ρbb(x, x, t)
 (28)
where the detector is located at the origin with a width of 2d.
IV. RESULTS AND DISCUSSION
In this Section, diffraction of a two-identical-particle system by a single and two Gaussian slits is analyzed. In the
following, numerical calculations are carried out in a system of units where m = h¯ = 1.
A. Diffraction by a single Gaussian slit
The assumption of the Gaussian slit is due to Feynman [26] which converts the problem to an analytical one.
Otherwise, the corresponding analysis calls for the numerical integration of Fresnel functions [27].
1. The Caldirola-Kanai approach
The initial one-particle wave packets ψ and φ as two co-centred Gaussian wave packets with the same center x0,
kick momenta p0 and p¯0 and widths σ0 and σ¯0 are assumed to be
ψ0(x) =
1
(2piσ20)
1/4
exp
[
− (x− x0)
2
4σ20
+ i
p0
h¯
(x− x0)
]
(29a)
φ0(x) =
1
(2piσ¯20)
1/4
exp
[
− (x− x0)
2
4σ¯20
+ i
p¯0
h¯
(x− x0)
]
. (29b)
Then, the overlap integral is given by
〈φ0|ψ0〉 =
√
2σ0σ¯0
σ20 + σ¯
2
0
exp
[
− σ
2
0 σ¯
2
0
σ20 + σ¯
2
0
(p0 − p¯0)2
h¯2
]
(30)
and the solution of the corresponding one-particle CK equation
ih¯
∂
∂t
ψ(x, t) =
[
− e−2γt h¯
2
2m
∂2
∂x2
+ e2γtV (x)
]
ψ(x, t) (31)
for the free propagation of the initial Gaussian wave packet (29a) reads as [18]
ψ(x, t) =
1
(2pis2t )
1/4
exp
[
− (x− xt)
2
4σ0st
+ i
p0
h¯
(x− xt) + i
h¯
Acl(t)
]
(32)
where st, xt and Acl(t) are respectively the complex width, classical trajectory of the center of the wave packet and
classical action given respectively by 
st = σ0
(
1 + i
h¯
2mσ20
τ(t)
)
, (33a)
xt = x0 +
p0
m
τ(t), (33b)
Acl(t) = p
2
0
2m
τ(t), (33c)
7with
τ(t) =
1− e−2γt
2γ
. (34)
The complex width and center of the wave packet φ(x, t) are respectively denoted by s¯t and x¯t.
Now from the previous analysis one obtains that
〈x〉ψψ = xt, (35a)
〈x〉φφ = x¯t, (35b)
〈x2〉ψψ = σ2t + x2t , (35c)
〈x2〉φφ = σ¯2t + x¯2t , (35d)
〈x〉ψφ = β
2θ
√
2θs∗t s¯t
exp
[
α+
β2
4θ
]
, (35e)
〈x2〉ψφ = β
2 + 2θ
4θ2
√
2θs∗t s¯t
exp
[
α+
β2
4θ
]
, (35f)
where 
σt = σ0
√
1 +
h¯2
4m2σ40
τ(t)2 , (36a)
σ¯t = σ¯0
√
1 +
h¯2
4m2σ¯40
τ(t)2 , (36b)
are the time dependent widths of the wave packets ψ(x, t) and φ(x, t) respectively with
α = − i
h¯
∆Acl(t) + i
h¯
(p0xt − p¯0x¯t)− x
2
t
4σ0s∗t
− x¯
2
t
4σ¯0s¯t
, (37a)
β = − i(p0 − p¯0)
h¯
+
xt
2σ0s∗t
+
x¯t
2σ¯0s¯t
, (37b)
θ =
1
4σ0s∗t
+
1
4σ¯0s¯t
, (37c)
where ∆Acl(t) is the difference between the classical actions for the component wavepackets ψ and φ. Thus, by using
these relations, the mean square separation is computed through Eq. (6).
On the other hand, for the one-particle detection probability one obtains that∫ d
−d
dx|ψ(x, t)|2 = 1
2
{
erf
[
xt + d√
2σt
]
− erf
[
xt − d√
2σt
]}
(38)
and for the overlap integral in the detector region [−d, d]∫ d
−d
dx ψ∗(x, t)φ(x, t) =
√
σ0σ¯0
σ0s∗t + σ¯0s¯t
eb1(t) {erf[b2(t)]− erf[b3(t)]} (39)
where erf(· · · ) is the error function and
b1(t) =
4ih¯[(σ0s
∗
t + σ¯0s¯t)∆Acl(t)− (σ0s∗t p0 + σ¯0s¯tp¯0)∆xt] + h¯2∆x2t + 4σ0σ¯0s∗t s¯t(p0 − p¯0)2
4h¯2(σ0s∗t + σ¯0s¯t)
(40a)
b2(t) =
−h¯[σ0s∗t (x¯t − d) + σ¯0s¯t(xt − d)] + 2iσ0σ¯0s∗t s¯t(p0 − p¯0)
2h¯
√
σ0σ¯0s∗t s¯t(σ0s∗t + σ¯0s¯t)
(40b)
b3(t) =
−h¯[σ0s∗t (x¯t + d) + σ¯0s¯t(xt + d)] + 2iσ0σ¯0s∗t s¯t(p0 − p¯0)
2h¯
√
σ0σ¯0s∗t s¯t(σ0s∗t + σ¯0s¯t)
(40c)
∆xt being the distance between centres of the component wavepackets ψ and φ i.e., ∆xt = xt − x¯t. By using these
relations in Eq. (8), the detection probability is easily reached in the CK framework.
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FIG. 1: Mean square separation (MSS) versus time in the CK framework for the MB (black circle), BE (red curves) and FD
(green curves) statistics and values of friction coefficient in different panels: γ = 0 (left top), γ = 0.1 (left bottom), γ = 0.15
(right top) and γ = 0.2 (right bottom). Other parameters of the theory have been fixed as follows: σ0 = 1, x0 = 0, p0 = 3,
σ¯0 = 0.9 and p¯0 = p0.
In order to carry out numerical calculations, the following initial conditions are chosen: σ0 = 1, x0 = 0, p0 = 3,
σ¯0 = 0.9 and p¯0 = p0. These conditions mean that the wave packets ψ and φ have considerable overlap. Thus, one
expects the behaviour of indistinguishable and distinguishable particles become completely different. Within the CK
framework, in Figure 1 we have plotted MSS versus time for the MB (black circle), BE (red curves) and FD (green
curves) statistics and values of friction coefficient in different panels: γ = 0 (left top), γ = 0.1 (left bottom), γ = 0.15
(right top) and γ = 0.2 (right bottom). For the non-dissipative case, the MSS is an increasing function of time.
This behavior is more pronounced for fermions than bosons and distinguishable particles which display the same time
behaviour. On the contrary, when dissipation is present, a drastic behavior is observed. The MSS is much smaller with
friction and an asymptotic value or stationary regime seems to be settled. At very long times, t  γ−1, localization
effects tend to be important leading to a drastic decreasing of the MSS. This quantity becomes ultimately constant
due to the fact that the friction force is acting in opposite direction to the motion of particles. At t = 0, the initial
MSS is non-zero for the three statistics here considered. The high values reach ed in the friction-free case makes that
these initial values seem to be zero. Interestingly enough, as far as MSS and single-particle density concern, there
is negligible difference between identical bosons and distinguishable particles. This point has already been reported
in the study of two-particle two-slit experiment by computing joint detection probability for identical bosons and
distinguishable particles in the context of non-dissipative systems [12].
In Figure 2, the ratio of simultaneous detection probability of indistinguishable particles to the distinguishable ones
is plotted versus time for bosons p+(t) =
pBE(t)
pMB(t)
(left top panel) and fermions p−(t) =
pFD(t)
pMB(t)
(middle top panel)
in the CK framework. The difference between the relative joint detection probabilities for bosons and fermions,
∆p(t) = p+(t) − p−(t), is plotted in the right top panel. They are measured by a single extended detector with a
width 2d = 2 located at the origin for different values of friction coefficient, γ = 0 (black curves), γ = 0.02 (red
curves), γ = 0.05 (green curves) and γ = 0.1 (blue curves). This ratio is around one for bosons meaning that bosons
and distinguishable particles have approximately a similar time behaviour. However, for fermions, a quite different
behaviour of this ratio is clearly observed. For these values of the friction coefficient, the stationary value of the
relative detection probability decreases (increases) with friction for bosons (fermions). This point is better stressed
in the three bottom panels of the same figure where the same three quantities are plotted versus friction at two fixed
times, intermediate time t = 2.5 (orange curves) and stationary time t = 50 (indigo curves), measured by a detector
with a width 2d = 2 located at the origin. After our choice of parameters, these plots show that only for γ ≤ 0.22,
the stationary value of detection probability is decreasing (increasing) with friction for bosons (fermions). The role
played by dissipation is to modify the stationary value of the detection probability. The analytical form of p±(t) is
dictated by the (anti)symmetrization of the state, and the intensity by the dissipation. Furthermore, as the right top
panel shows, there is a time interval, increasing with friction, where the detection probability in the detector region is
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FIG. 2: Relative simultaneous detection probability p+(t) =
pBE(t)
pMB(t)
(left top plot) for two identical bosons and p−(t) =
pFD(t)
pMB(t)
(middle top plot) for two identical fermions in the CK framework versus time for four different values of friction coefficient,
γ = 0 (black curves), γ = 0.02 (red curves), γ = 0.05 (green curves) and γ = 0.1 (blue curves). The difference between the
relative joint detection probabilities for bosons and fermions, ∆p(t) = p+(t)− p−(t), is also plotted in the right top panel. In
the bottom panels, the same three quantities are plotted versus friction at two fixed times, intermediate time t = 2.5 (orange
curves) and stationary time t = 50 (indigo curves), measured by a detector with a width 2d = 2 located at the origin. Other
parameters have been fixed as follows: σ0 = 1, x0 = 0, p0 = 3, σ¯0 = 0.9 and p¯0 = p0.
higher for fermions than for bosons revealing a sort of fermion-bunching and boson-anti-bunching, just the opposite
effect one should expect. As the bottom right panel shows, there is a critical value of the friction coefficient γc ≈ 0.78
where for γ > γc fermion-bunching is not observed anymore, i.e., ∆p > 0. Moreover, for these values of friction, the
detection probability for both times t = 2.5 and t = 50 becomes the same revealing that the stationary behaviour is
seen at times of the order of the relaxation time t ∼ 1/γc.
In Figure 3, the same information is plotted as in Figure 2 but for two point detectors located at D and −D with
D = 1. The same trends are observable here but much more pronounced. The fermion-bunching is clearly enhanced
under this new detection scheme. Furthermore, in this new scheme, fermion-bunching is seen for all values of friction
in the considered interval, i.e., ∆p′ < 0 in the whole range of friction for the intermediate time t = 2.5.
2. The Caldeira-Leggett approach
With the initial Gaussian wave packets given by Eqs. (29a) and (29b), the diagonal elements of one-particle states
have the form 
ρaa(x, x, t) =
1√
2piwt
exp
[
− (x− xt)
2
2w2t
]
(41a)
ρab(x, x, t) =
√
2
σ0σ¯0
σ20 + σ¯
2
0
1
2
√
pia2(t)
exp
[
a0 − (x− a1(t))
2
4a2(t)
]
(41b)
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FIG. 3: The same as Figure 2 but for two point detectors. The relative simultaneous detection probability are now given by
p′+(t) =
p′BE(t)
p′MB(t)
(two identical bosons) and p′−(t) =
p′FD(t)
p′MB(t)
(two identical fermions) in the CK framework. The detectors are
located at D and −D with D = 1.
under the evolution equation (17) with
wt =
√
σ2t +D
4γt+ 4e−2γt − 3− e−4γt
8m2γ3
(42a)
a0 = − σ
2
0 σ¯
2
0
σ20 + σ¯
2
0
(p0 − p¯0)2
h¯2
(42b)
a1(t) = x0 +
p0σ
2
0 + p¯0σ¯
2
0
m(σ20 + σ¯
2
0)
τ(t) + i
σ20 σ¯
2
0
σ20 + σ¯
2
0
2(p0 − p¯0)
h¯
(42c)
a2(t) =
σ20 σ¯
2
0
σ20 + σ¯
2
0
+
h¯2τ(t)2
4m2(σ20 + σ¯
2
0)
+D
4γt+ 4e−2γt − 3− e−4γt
16m2γ3
− i h¯
2m
σ20 − σ¯20
σ20 + σ¯
2
0
τ(t). (42d)
In order to obtain ρbb(x, x, t) it suffices to replace xt by x¯t in Eq. (41a) and σt by σ¯t in Eq. (42a). In a similar way,
ρba(x, x, t) is known from Eq. (41b) by interchanging σ0 ↔ σ¯0. The temperature appears in the expressions for the
widths through the diffusion constant, D.
From the above relations and their equivalent one in Eq. (25), one has that
∫ ∞
−∞
dx ρab(x, x, t) =
√
2σ0σ¯0
σ20 + σ¯
2
0
ea0 (43a)
〈x〉ab =
√
2σ0σ¯0
σ20 + σ¯
2
0
a1(t) e
a0 (43b)
〈x2〉ab =
√
2σ0σ¯0
σ20 + σ¯
2
0
[a1(t)
2 + 2a2(t)] e
a0 (43c)
leading to the MSS in the CL framework.
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FIG. 4: Mean square separation versus time in the CL framework for different statistics, MB (black circles), BE (red curves),
FD (green curves) for different values of friction, γ = 0.1 (left panels) and γ = 0.2 (middle panels) for kBT = 5 (top panels)
and kBT = 10 (bottom panels). Right panel depicts MSS for the MB statistics for kBT = 8 and two friction values, γ = 0.1
(violet) and γ = 0.2 (orange). Other parameters have been fixed as follows: σ0 = 1, x0 = 0, p0 = 3, σ¯0 = 0.9 and p¯0 = p0.
Analogously, by using the following expressions
∫ d
−d
dx ρaa(x, x, t) =
1
2
{
erf
(
xt + d√
2wt
)
− erf
(
xt − d√
2wt
)}
(44a)∫ d
−d
dx ρab(x, x, t) =
√
2σ0σ¯0
σ20 + σ¯
2
0
ea0
1
2
{
erf
(
a1(t) + d
2
√
a2(t)
)
− erf
(
a1(t)− d
2
√
a2(t)
)}
(44b)
and similar ones for the integration of ρbb(x, x, t) and ρba(x, x, t) in Eq. (28), one can calculate the joint detection
probability of both identical particles by an extended detector with width 2d in the CL approach.
In this approach, the is displayed versus time in Figure 4 for different statistics: MB (black circles), BE (red curves),
FD (green curves) for different values of friction, γ = 0.1 (left panels) and γ = 0.2 (middle panels) with kBT = 5 (top
panels) and kBT = 10 (bottom panels). Right panel depicts the MSS for MB statistics at kBT = 8 for γ = 0.1 (violet)
and γ = 0.2 (orange). It is clear that the MSS is higher for identical fermions than identical bosons. This separation
for bosons is slightly lower than for distinguishable particles although this is not clearly seen due to the scale of the
plots. This quantity also increases with time and temperature for a given friction with no asymptotic value. After
the right panel, the MSS for the MB statistics displays a nearly linear behavior with time where the slope depends
on the temperature and friction. Although all terms contributing to the MSS in Eq. (26a) reduce with friction for a
given time, the rate of such a reduction is different for each term. This behavior is also seen for different statistics.
The time dependent variation is quite different to the CK approach. This is due to the presence of thermal effects
where the corresponding temperature makes the widths of the wave packets increase. In a certain sense, temperature
and friction play an opposite effect on the width of the wave packet.
In Figure 5 ,the ratio of simultaneous detection probability of indistinguishable particles to the distinguishable ones
is plotted versus time for bosons p+(t) =
pBE(t)
pMB(t)
(left panels) and p−(t) =
pFD(t)
pMB(t)
(right panels) for fermions, measured
by an extended detector with a width 2d = 2 located at the origin, for γ = 0.1 (top plots) and γ = 0.2 (bottom
plots) for different values of temperature: kBT = 5 (black curves), kBT = 7 (red curves), kBT = 10 (green curves)
and kBT = 15 (blue curves). The general behavior for both cases is similar to that found within the CK approach.
For bosons, the temperature plays a major role than friction but the ratios are always around one. In particular, by
increasing the temperature, the ratio is approaching to one. For fermions, the ratios become greater than one, after a
while, but decrease with temperature. Again, the bunching and anti-bunching behavior is observed for fermions and
bosons, respectively. In any case, interestingly enough, the two kind of ratios ultimately reach one for all temperatures
and frictions analyzed. Thus, decoherence process, loss of being indistinguishable, is settled gradually by increasing
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FIG. 5: Relative simultaneous detection probability p+(t) =
pBE(t)
pMB(t)
(left plots) for two identical bosons and p−(t) =
pFD(t)
pMB(t)
(right plots) for two identical fermions in the CL framework, measured by a detector with a width 2d = 2 located at the origin,
for γ = 0.1 (top plots) and γ = 0.2 (bottom plots) for different values of temperature: kBT = 5 (black curves), kBT = 7 (red
curves), kBT = 10 (green curves) and kBT = 15 (blue curves). Other parameters have been fixed as follows: σ0 = 1, x0 = 0,
p0 = 3, σ¯0 = 0.9 and p¯0 = p0.
friction and temperature. The symmetry of the total wave function is not so important under these conditions. The
property of being distinguishable is emerging gradually.
It is then clear that similar behaviors are observed in both frameworks concerning detection probabilities. The
extra difference is that when adding temperature, the exchange effects become less important at high temperatures
leading to the same behaviour for bosons and fermions in this regime. This is better observed in Figure 6, where the
relative simultaneous detection probability in the CL framework at two fixed times t = 1.5 (black curves) and t = 5
(red curves) versus friction coefficient for kBT = 3 (top panels) and versus temperature for γ = 0.1 (bottom panels),
measured by a detector with a width 2d = 2 located at the origin, are displayed.
B. The two-particle two-slit experiment: the CK approach
The problem of the two-particle two-slit experiment has been recently studied by Sancho [12] for conservative
systems. Here, we extend this study to dissipative dynamics in the CK approach. We consider a two-slit interference
experiment when the source emits particles by pairs. As is shown in Figure 7, the two slits are denoted by B and B′
located symmetrically at the points (±X, 0) and have the same width w. Gaussian slits are again assumed. Detectors
measure the joint patterns by counting simultaneous arrivals. One-particle states are given by the wave functions ψ
and φ.
Particles are produced in a source located on the negative y−axis in a product state which has a Gaussian shape
with zero kick momentum in the x−direction but plane wave in y−direction,
ψ0(x, y) = A
1
(2piσ20)
1/4
exp
[
− x
2
4σ20
+ iky
]
(45)
with σ0 = h¯/2σp, σp being the momentum width, along x−axis, of the wave function and constant A. Then, this wave
function propagating freely arrives at time t0 = h¯k/m to both slits. Thus, for t < t0, the wave function is written as
ψ(x, y, t) = A
1
(2pis2t )
1/4
exp
[
− x
2
4σ0st
+ iky − iEt
h¯
]
, t < t0 (46)
where E = h¯2k2/2m and st is the complex width of the wave function in the x−direction given by Eq. (33a). Here,
we have assumed that the friction force acts along the x−axis only. Since the motion in the y−direction is described
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FIG. 7: Particles are emitted by pairs from the source S, pass through the two slits B and B′ and arrive at the screen.
by plane waves, in the following we ignore the motion in this direction and consider only the dynamics along the plane
of slits, i.e, the x−direction.
By using the Gaussian slit approximation, the single particle wave function corresponding to the right slit is given
by
ψB(x, t) = N
∫ ∞
−∞
dx′ e−(x
′−X)2/2w2G(x, t;x′, t0)ψ(x′, t0), t > t0 (47)
where N is the normalization constant taken to be real, the first factor in the integrand is the weight function
corresponding to the Gaussian slit approximation with w being the width of the slit, and the second factor is the free
particle propagator in the CK approach given by [18, 28]
G(x, t;x′, t0) =
√
m
2piih¯ (τ(t)− τ(t0)) exp
[
im(x− x′)2
2h¯ (τ(t)− τ(t0))
]
. (48)
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By carrying out the corresponding integral, we have that
ψB(x, t) = N
1
(2pis2t0)
1/4
{
1 +
ih¯
m
(
1
w2
+
1
2σ0st0
)
(τ(t)− τ(t0))
}−1/2
e−c2(t)x
2+c1(t)x+c0(t) (49)
where the following abbreviations are used {
st0 = s(t0) (50a)
σt0 = σ(t0) (50b)
with σt given by Eq. (36a) and
N =
(
w2 + 2σ2t0
w2
)1/4
exp
[
X2
2w2 + 4σ2t0
]
(51)
where 
c0(t) = − 2mσ0st0 + ih¯(τ(t)− τ(t0))
4mw2σ0st0 + 2ih¯(w
2 + 2σ0st0)(τ(t)− τ(t0))
X2 (52a)
c1(t) =
4mσ0st0
4mw2σ0st0 + 2ih¯(w
2 + 2σ0st0)(τ(t)− τ(t0))
X (52b)
c2(t) =
m(w2 + 2σ0st0)
4mw2σ0st0 + 2ih¯(w
2 + 2σ0st0)(τ(t)− τ(t0))
. (52c)
The wave function ψB′ is given by Eq. (49) by replacing X by −X. The wave functions φB and φB′ are obtained
from ψB and ψB′ by replacing σ0 → σ¯0, st → s¯t (s¯t being the complex with of φ) and σt → σ¯t (σ¯t being the with of
φ). In our two-particle double-slit experiment, the total wave functions for identical particles are given by Eq. (3)
where {
ψ(x, t) = Nψ(ψB(x, t) + ψB′(x, t)) (53a)
φ(x, t) = Nφ(φB(x, t) + φB′(x, t)). (53b)
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FIG. 9: Scaled joint detection probability at different times t = 2t0 (left column), t = 5t0 (middle column) versus the position
of moving detector for different statistics and different values of friction coefficient. In the left and middle columns, black curves
correspond to γ = 0, red curves correspond to γ = 0.1 while green ones correspond to γ = 0.2 for MB statistics (top panels),
BE statistics (middle panels) and FD statistics (bottom panels). In the right column, the same quantity is plotted but at time
t = 10t0 for the MB statistics (magenta curves), BE statistics (blue curves) and FD statistics (orange curves) and friction
values γ = 0 (top panel), γ = 0.1 (middle panel) and γ = 0.2 (bottom panel). For numerical calculations we have used w = 1,
σ0 = 0.9, σ¯0 = 0.7, X = 4 and t0 = 1.
Apart from a phase factor, the normalization constants are expressed as{
Nψ = [2(1 + Re{〈ψB |ψB′〉})]−1/2 (54a)
Nφ = [2(1 + Re{〈φB |φB′〉})]−1/2. (54b)
Note that according to Eq. (5), interference terms, inner products of one-particle states, and thus normalization
constants are independent on time.
Now, the single-particle density ρsp(x, t), that is, the probability density for finding a particle at time t at x,
irrespective of the position of the other particle of the pair, evaluated from Eq. (16a), and the joint detection
probability with two detectors, one fixed in the origin and the other moving along the slits’ plane can be computed,
that is, |Ψ(x1 = 0, x2 = x, t)|2 for different statistics. For numerical calculations, the following parameters X = 4,
w = 1, σ0 = 0.9, σ¯0 = 0.7, otherwise stated, and t0 = 1 are used. In Figure 8, we have plotted the single particle
probability density at time t = 5t0 versus space coordinate x for different statistics and friction values. Two different
values of widths of the one-particle state φ(x, t) are used, fixing the width of the other one-particle state, that is,
ψ(x, t). As this figure shows, when there is little overlap between one-particle states, σ0 = 0.9 and σ¯0 = 0.1 all kinds
of particles behave similarly because the exchange effects are not so important and only introduce small differences
among the three types of particles. The differences among the three curves decrease when dissipation increases.
However, when considerable overlapping is present, σ0 = 0.9 and σ¯0 = 0.8, fermions behave completely different from
bosons which themselves behave quite similar to distinguishable particles, a result which has already been noticed in
the context of non-dissipative systems [12].
In Figure 9 the joint detection probability versus the position of the moving detector is plotted at two times, t = 2t0
(left columns) and t = 5t0 (middle columns), for the MB (top panels), BE (middle panels) and FD statistics (bottom
panels) and three values of the friction coefficient γ = 0 (black curves), γ = 0.1 (red curves) and γ = 0.2 (green curves).
In the right column, the same quantity is plotted but at time t = 10t0 for the MB statistics (magenta curves), BE
statistics (blue curves) and FD statistics (orange curves) and friction values γ = 0 (top panel), γ = 0.1 (middle
panel) and γ = 0.2 (bottom panel). At short times (left panels), the joint detection probability starts spreading, the
interference being not so important yet. With friction, the intensities are decreasing and, for fermions, the highest
intensities are reached. At intermediate times (middle panels) t = 5t0, the interference process is already important
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for the MB and BE statistics whereas, for the FD one, a higher spreading is clearly observed. Finally, at t = 10t0
(right panels), a similar behavior is observed. The different patterns for fermions are still formed by two lobes splitting
apart each other, emphasizing the anti-bunching property of these particles even with friction. Furthermore, the lobes
are sharper with increasing friction. Thus, for the set of the parameters chosen, bosons behave like distinguishable
particles while fermions have a complete different behavior, reflecting in a certain sense the bunching and anti-bunching
properties of bosons and fermions, respectively. As expected, the interference is decreasing with friction for bosons
and distinguishable particles. In the three panels of the right column, the spreading is drastically reduced by friction
but, on the contrary, the intensity peaks are higher with friction. We attribute these behaviours to a manifestation
of localization effects due to dissipation, as has been already mentioned above.
V. CONCLUDING REMARKS
The importance of friction and temperature leading to the decoherence process in open quantum systems is very well
known. In this work, we have analyzed their mutual influence for non-interacting, distinguishable and indistinguishable
particles (bosons and fermions) by considering the interference and diffraction patterns by one slit within the CK and
CL approaches and two Gaussian slits only in the CK one taking the one-particle states with considerable overlap. The
mean square separation, computed only for the one Gaussian slit problem in both CK and CL frameworks, is always
greater for fermions than for bosons. The counter intuitive bunching and anti-bunching effects described in [13] for
fermions and bosons, respectively, are observed through the detection probability. Our work notoriously extends the
scope of this unusual behavior by showing its presence (i) in scenarios where there are not zeros in the single-particle
wavefunctions, and (ii) in one- and two-detector schemes (in [13] is only for the second type). The time dependent
probability tends to be the same for bosons and distinguishable particles but quite different for fermions. Decoherence
process, loss of being indistinguishable, is settled gradually with time by increasing friction and temperature. In the
two slits case, by computing single-particle detection probability for different particles in the context of the CK model,
we have observed that all kinds of particles behave almost similarly for low-overlapping one-particle states. This is
due to the fact that for low values of overlapping, the exchange effects are not so important and only introduce small
differences among the three types of particles. These differences decrease as friction increases. On the contrary,
for considerable overlapping where exchange effects are important, fermions behave completely different from bosons
which themselves behave like distinguishable particles. These findings (i) show that in the regime considered the
overlapping degree (and not the relaxation constant) is the fundamental parameter in the problem, and (ii) provide a
confirmation of the results in [12] but for open systems. This work should be seen as a good starting point to study
optical properties of matter waves under the presence of friction and temperature when considering non-interacting
identical particles governed by the two quantum statistics. In particular, the Talbot effect leading to quantum carpets
could be a good candidate. Furthermore, how the quantum statistics can influence the dissipative quantum backflow
is another aspect to take into account to see the bunching and anti-bunching effects here described. Obviously, the
list of interesting topics to be analyzed and discussed in a future work within this context is enormous.
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Appendix A: Two-particle Schro¨dinger-Langevin equation
In this appendix we construct the two-particle Schro¨dinger-Langevin equation and show that the symmetrization
procedure does not work.
Suppose ψ(x, t) and φ(x, t) are two single-particle wave functions satisfying the single-particle Schro¨dinger-Langevin
equations, 
ih¯
∂
∂t
ψ(x1, t) =
[
− h¯
2
2m
∂2
∂x21
+ V (x1) +
h¯γ
2i
(
ln
ψ(x1, t)
ψ∗(x1, t)
−
〈
ψ
∣∣∣∣ ln ψψ∗
∣∣∣∣ψ〉)]ψ(x1, t) (A1a)
ih¯
∂
∂t
φ(x2, t) =
[
− h¯
2
2m
∂2
∂x22
+ V (x2) +
h¯γ
2i
(
ln
φ(x2, t)
φ∗(x2, t)
−
〈
φ
∣∣∣∣ ln φφ∗
∣∣∣∣φ〉)]φ(x2, t) (A1b)
Let us now consider a system composed of two identical particles. In order to derive a wave equation for such a
system, we multiply (A1a) by φ(x2, t) and (A1b) by ψ(x1, t) and then add the resulting equations. In this way, we
obtain
ih¯
∂
∂t
[ψ(x1, t)φ(x2, t)] = H(x1, x2; t)ψ(x1, t)φ(x2, t) (A2)
where,
H(ψ(x1), φ(x2); t) =
[
− h¯
2
2m
(
∂2
∂x21
+
∂2
∂x22
)
+ V (x1) + V (x2)
+
h¯γ
2i
(
ln
ψ(x1, t)φ(x2, t)
ψ∗(x1, t)φ∗(x2, t)
−
〈
ψ
∣∣∣∣ ln ψψ∗
∣∣∣∣ψ〉−〈φ∣∣∣∣ ln φφ∗
∣∣∣∣φ〉)]ψ(x1, t)φ(x2, t)
(A3)
is equivalent to a Hamiltonian for the two-particle system which clearly shows that is not symmetric under the
exchange of particles. One can try it by hand and write,
ih¯
∂
∂t
ψ(x1, t)φ(x2, t) =
[
− h¯
2
2m
(
∂2
∂x21
+
∂2
∂x22
)
+ V (x1) + V (x2)
+
h¯γ
2i
(
1
2
ln
ψ(x1, t)φ(x2, t)
ψ∗(x1, t)φ∗(x2, t)
+
1
2
ln
ψ(x2, t)φ(x1, t)
ψ∗(x2, t)φ∗(x1, t)
−
〈
ψ
∣∣∣∣ ln ψψ∗
∣∣∣∣ψ〉−〈φ∣∣∣∣ ln φφ∗
∣∣∣∣φ〉)]
× ψ(x1, t)φ(x2, t)
(A4)
This equation can be re-written as
ih¯
∂
∂t
[ψ(x1, t)φ(x2, t)] =
[
− h¯
2
2m
(
∂2
∂x21
+
∂2
∂x22
)
+ V (x1) + V (x2)
+
1
2
h¯γ
2i
(
ln
ψ(x1, t)
ψ∗(x1, t)
−
〈
ψ
∣∣∣∣ ln ψψ∗
∣∣∣∣ψ〉+ ln φ(x1, t)φ∗(x1, t) −
〈
φ
∣∣∣∣ ln φφ∗
∣∣∣∣φ〉)
+
1
2
h¯γ
2i
(
ln
φ(x2, t)
φ∗(x2, t)
−
〈
φ
∣∣∣∣ ln φφ∗
∣∣∣∣φ〉+ ln ψ(x2, t)ψ∗(x2, t) −
〈
ψ
∣∣∣∣ ln ψψ∗
∣∣∣∣ψ〉)]
× ψ(x1, t)φ(x2, t). (A5)
This differential equation then implies that ψ and φ satisfy two coupled wave equations,
ih¯
∂
∂t
{
ψ(x, t)
φ(x, t)
}
=
[
− h¯
2
2m
∂2
∂x2
+ V (x)
+
1
2
h¯γ
2i
(
ln
ψ(x, t)
ψ∗(x, t)
−
〈
ψ
∣∣∣∣ ln ψψ∗
∣∣∣∣ψ〉+ ln φ(x, t)φ∗(x, t) −
〈
φ
∣∣∣∣ ln φφ∗
∣∣∣∣φ〉)]{ ψ(x, t)φ(x, t)
}
.
However, these equations are not certainly in the form of the SL equation. Thus, the above procedure for symmetriza-
tion does not work either.
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